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A study is made of waves caused by a sudden crack in an elastic medium
under stress. An exact solution is found for the plane problem, when the
crack occurs along a strip of width [. The results are applied to an
asymptotic investigation of the three-dimensional problem.

Reference [1] contains an approximate solution of the problem con-
sidered below, Maue [2] considered a related problem for a semi-infinite
crack.

1. A sudden break occurs along an infinitely long plane strip of
width ! in an elastic medium which is in a state of plane stress. The
state of stress before the occurrence of the crack is assumed to be uni-
form. The normal stress and normal displacement on the surface of crack
are continuous (the crack does not open), while the tangential stress
vanishes, so that the crack undergoes a tangential displacement.

We place the origin of the coordinates on the right edge of the
crack (Fig. 1), the z-axis being directed along its edge, while the y-
axis is normal to its plane.

The problem of finding the displacement field engendered by such a
crack reduces to solving the equations for the displacement potentials
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A@—a—ia}{g:’—“gy A‘P—gg‘ggzo ((22._.__9._&, bz_%) (1’1)

where A and u are the Lamé coefficients and p is the density. The
initial conditions are zero; the boundary conditions for y = 0 and
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- 1 € x <0 have the form
au;' = Oyy, vt = v, Tx; == Ty = T = const (1.2)

The indices plus and minus denote the corresponding limiting values
of the stress and displacement components in the upper and lower hal f-
planes for y = 0. The shear stress acting on the
Y strip - 1 < x € 0 before the occurrence of the
— crack is denoted by v. For the displacements u and

-1 ] v along the x- and y-axes we have
I
/ _% _ 9 , ¢
Z U= Ty V=5 t o
Fig. 1. The boundary value problem (1.2) for equations

(1.1) in the exterior of the cut is easily trans-
formed into a problem for the upper half-plane y 2> 0 with the following
conditions at y = 0

ns aty (1.3)

O =0 (—oo <o), Ty =0 (—1L2<0), u=uozb§t (< —1, 22>0)

For this the obvious symmetry properties of the displacement field
in the present problem

ut (@, y) = —u (z,— g, v (z,y) = (z,—y) (1.9

should be used from the beginning and then the solution represented as
the sum of a plane transverse wave propagating upwards and an auxiliary
solution which also must satisfy (1.3).

The problem (1.1) and (1.3) is a particular case of the problem of
diffraction of a plane wave by a slot of finite width. The solution for
a semi-infinite slot was obtained by Filippov, Friedman, and Maue [3-5].

2. At the instant of cracking the front of a plane transverse wave
leaves the strip, while on the edges
longitudinal and transverse waves with 17

cylindrical fronts are formed (Fig.2).
In the construction of a wave formed W %
at one of the edges, it is clearly un- Pa) S -

necessary to consider the second edge - z
for t < l/a. Hence, for that interval Fig. 2.

of time it suffices to obtain a solu-

tion of equation (1.1) for zero initial conditions and boundary condi-
tions of the form

O =0 (—o<zlo), =0 <0, u=u >0 (2.1)
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We denote this solution by ¢, and y, and the corresponding displace-
ments by u; and v,.

For t > l/a the cylindrical waves formed at the edges proceed along
the surface of the crack and slide off it, generating new waves. The
fronts of the secondary waves near the right edge of the crack, which
are excited by the waves from the left edge, are depicted in Fig. 3.

The displacements in the neighborhood of the right edge are repre-
sented as the sum of three fields: the displacement field of the primary
wave from the right edge, the field of the
y primary wave from the left edge, and the dis-
placement field of the secondary wave. The con-
struction of the last may be carried out without
consideration of the left edge. For this it 1is
at t necessary to obtain a solution of (1.1) satisfy-
[L7 ¢ ing the conditions (2.1), where in place of u,
one must write — u;(-x-1, t). Exactly the same
thing occurs near the left edge of the cut. For
t < 21/a the displacements in the medium will be
described by a plane wave, and by the potentials
of the primary and secondary waves from both edges. For t > 2l/a waves
of the third order arise, and so forth. The construction of waves of
higher orders is similar to the construction of secondary waves. Thus
the problem formulated above reduces to successively finding solutions
of system (1.1) satisfying conditions of type (2.1), where in place of
u, there is a function of the coordinates and time corresponding to
horizontal displacements in the wave arriving from the opposite edge.

\
R

Fig. 3.

These solutions are constructed in a similar manner as in (6,7].
Applying the two-sided Laplace transform with respect to x and the one-
sided Laplace transform with respect to t, for which the transform vari-
ables are g and p, respectively, one obtains from (1.1) and (2.1) func-
tional equations relating the transforms of the tangential stress v
and displacement u for y = 0. The Wiener-llopf-Fok method (8] is used to
find from these equations the transform of the displacement u and to
construct the transforms of the potentials for y >>0. We omit the calcu-
lations, which are similar to those in [6,71. In view of the fact that
completely identical waves are generated at the opposite edges, we re-
strict ourselves to the consideration of waves arising at the right edge
of the cut. The transforms of the potentials of the first longitudinal
and transverse waves have the form

®, . 0. p) = 2my % M@exp(—BYT =) (r=1, =)
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b 251
¥, y, ¢, p) = — m b%;‘?-];““?M(S)eXP(—p-;'-Vi——sz)

T &
Here we denote
Mo = yei_:;s—s"g"” g(s) = %18—9-’5@_’—?—
S 2.3)
@ (E) = 1‘5”1/&&: Eﬁ)l()ss_, o)

where ¥ is the root of the Rayleigh equation

CE=2— 12+ 4P T - (P — ) =0

The following expressions are obtained for the transforms of the
potentials of the waves generated for t > (n - 1)l/a:

®, = sOWoy (s, pl/b),  Wo = s¥Wn_y (s, pl/b) (2.4)

where ®, and ¥, are defined by formulas (2.2), while ¥ is defined by
the relation

W = (%)mlg | | I (‘ m) exp (*—- };—lél Sk) 81::1—’[3 (25)

The integration is performed over the volume s, >y, where k = 1,
g P ==Y
..., m. Furthermore

n P(Sk)
Hm (Mm) - (.’,‘0 ey O)
E1 St S
P=Vs—1P () (<s<I (2.6)

PG)=Vs—1P,(s)+Vs—1P,(s) (s>1)

where
_ SU—9 @+ 2 VTR g
Py (S) =8 (i - 72)(232——1)4~{—16 34(1_32)(32__,»{2)3 28 (=9
Py(s) = —2(1—171% @t — 1) (8 + 5" e—28 (—9)

(22— 1)+ 165t (1 —s3) (2 — 1)L Vs +1
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3. From (2.4) and (2.5) it follows that in order to obtain the in-
verse transforms of ® and ¥, it is sufficient to perform the in-
version with respect to g and p for the expressions

3.1)
s@ pl e s¥ pl <
ST Be) e (-5 2 )

Such a procedure corresponds to performing the in-
version under the integral sign in formula (2.5),
where the integrand depends on s and p. However, it
1s convenient to obtain the inverse transforms of the
expressions obtained from (3.1) by multiplying by p3.
This means that the third derivatives of the unknown
functions with respect to time will be found.

Rel

Fig. 4.

We denote the inversion integrals with respect to g of the expres-
sions mentioned above by A © and B,°, respectively, and the complete
inverse transforms of these expressions by A, and B.

Transforming to a new variable of integration [ in the integral A °,
such that ¢ = - a™!p cos {, and introducing polar coordinates r, € in
place of the Cartesian coordinates x and y, we obtain

4" =exp (5 o) {Ca @ exp [~ Feos G — 0)]ar 32)
k=1 r

. T sin 2§
CalD) = —ma¥ o — 7t

M (— 7y cos )

The contour I is located in the strip 0 < Re { < w such that the
difference between the abscissa of a point on it and the point { = 8 1is
less than m/2. Moreover, its position depends on the sign of Im p: in
order that the inequality

Re [p cos (£ — 6)] >0 (3.3)

hold on the entire contour, for Im p > 0 the contour I' must coincide
with Iy, while for Im p < 0 it must coincide with I'_, as depicted in
Fig. 4. Carrying out the inversion with respect to p, we obtain

ico

0
1 1 1 . 1 >
An =g\ dp { Ca (@ v dt+ o dpﬁ—ipg Cn (D) €2 dg
—ioo r- 0 "

n—1

A=t—Lcos(t—0—1 s (3.4)
k=1
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The fulfillment of condition (3.3) makes it possible to interchange
the order of integration with respect to p and [. The expression ob-
tained after this operation may be transformed into an integral over a
closed contour I', having the form of a figure-eight (Fig. 5)

1 d
do=—5 G QR
P
The integrand vanishes at infinity and has in the strip only poles,
which coincide with the zeros of the function A given by formula (3.4).
For at — r < (n - 1)1 these zeros lie on the real axis and do not fall
within the contour I'. Hence 4, = 0.

For at — r > {(n = 1)1 there are two zeros of the function A located
on the straight line Re { = 6 at conjugate points. The coordinates of
the zero lying in the upper half-strip is given by the formula

f =0+l (aT+]/a‘3T’ ) (T=t_ib:g %) (B5)

Hence the integral defining A is equal to the sum of the residues
at these po1nts

A, = — % -—V,—g-T-—s— Re C, (;) (3.6)

Hence we obtain from (2.4) the inverse transform
of the function ®,, which we will denote by ¢,

@n (r, 0,2 =0 (@t—r<(n—1)10
3.7y

% = (;—i)ﬂ a S Mpi(Ma—y) ; ea:s o

On—1

(at—r>m—1)1

The integration is carried out over the volume
n—1
Fig. 5. Sa<(at—n/rl s>y Gk=t.,n—1 (38

k=1

The inverse transform of the function ¥, is found in a similar manner,
but in this one runs into some complications arising from the presence
in the strip of singularities of fractional order and branch cuts, which
are connected with the leading waves. For the potential of the cylindri-
cal waves we obtain

(3.9)

Gt—r>(n—1)1)

oy, [—iy dv
EYON (?) b vnS_l s (M) Re Do (10 yur-—--
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The integration is carried out over the volume

Tomm ]

bt —
Zok L s> T =t n—1) (3.10)

In (3.9) the following notation was introduced

(3.11)

qa———ﬁ—f—iln[g—}-(éﬁ——i) U Doty = 2 2 M (— cos )

8, 4 —€OST)

where T is defined by (3.5). A similar method of calculating the in-
version integral appears in [9].

The foregoing analysis enables one to write the potential of the dis-
placement field of the longitudinal waves at an arbitrary instant t and
an arbitrary point r, 8 (the origin of the coordinates is at the right
edge) in the form

Ny N,
(P(", 851): Z (Pk(", e,t) + Z(pk(rl’n'—eiat)

k=1 k==l

where r, and 8, are the polar coordinates of the same point in a coordi-
nate system fixed at the left edge of the cut, and

at—r at — r
Ny =E (%) 41, N =E(RFR) + o
Here E(x) is the integral part of x.

The potential field of the transverse waves has a similar form, if
the leading wave is not considered. Thus the problem formulated in
Section 1 is solved. We will now investigate the results obtained.

4. We consider the potentials of the first longitudinal and trans-
verse waves generated at the right edge of the crack. In accordance with
(3.7) and (3.9) we have

P _ 2ymg ev _
. o Va%z Re [sin o M (— 7 cos Tyl
™, mq bt 1 cos 2no _
T Vg Re[cos W M (— cos n")] (4.1)

(Co———ﬂ—}—iln (5';‘-}-1/%2—1), —-—ﬁ—l—zln(bt—}-]/b_zf_i)

These formulas may also be obtained from the solution of the problem
of diffraction of a transverse wave on the half-plane [3,4]. The frontal
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zone of the longitudinal wave corresponds to the relation

1> (a—r)/r

Thus {, = 6 is accurate to within small quantities of the order of
{(at ~ r)/r], and from (4.1) it follows that

__ 8V2tme v . (at —r)*
(] (r, 6, t) = T In anSln oM (— T COS O)Tq (4.2)

The dependence of the radial displacement u. =3q;1/3r on 8 in the
frontal zone is shown in Fig. 6, where the quantity

U= ﬂ%zn'r—m"sin OM (— g cos 6)

proportional to u _, is laid off along the radii of the circle correspond-
ing to the front of the longitudinal wave.

In a similar manner the expansion near the front of the transverse
wave yields

_ 4V2my T cos20 (bt —r)/s
Y, (7,0, 2) = 157 : % cos 0 K (9) N (4.3)
where
K () = M (— cos 0) O<O<a— cow=t 7) (4.4)
K(6)= 2(1 —1?) cost20sin 6 (f— cost 1< 0 <)

[cos* 20 4 16 sin? 20 cos? 0 (cos? O — 712)] M (cos 6)

The formula (4.3) is useless in the neighborhood of the point 6 = w/2.
The required expression may be obtained from (4.1) if this point is con-
sidered separately.

The dependence of the tangential displacement ug =3y, /3r on € in the
frontal zone of the transverse wave is shown in Fig. 6, where the
quantity

V—_ V2me cos20
- 3ny? cosB

K (6)

proportional to uy, is laid off along the radii of the circle correspond-
ing to the front of the transverse wave.

If the distance to the field point greatly exceeds the width [ of the
crack, the cylindrical waves generated on the edges may approximately be
considered to originate from a single center. The dependence of the dis-
placements on the angle @ (in the previous coordinate system) in such a
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combined cylindrical wave may be constructed with the aid of formulas
(4.2) and (4.3) if it is assumed that for |6| < w/2 the displacements
coincide with the displacements in the wave
coming from the right edge of the crack,
while for w < 20 < 3w they coincide with
the displacements in the wave from the left
edge. Such a dependence for the radial com-
ponent u_ of the first longitudinal wave
and the tangential component ug of the trans<
verse wave is shown in Fig. 7. It is essen-
tial to note that the radial displacements
in the first longitudinal wave are zero for
86 =0, 8 =u/2 and € = w, while the
tangential displacements in the transverse
/ wave are zero for © = + w/4 and 6 = t 3uw/4.

If it is assumed that the crack con-
sidered here is a model of a seismic center,
then the above properties of the displace-
ment field coincide with the properties of the models of Khodno-
Vvedenskaia [10] and others and do not agree with the corresponding pro-
perties of the Keilis-Borok model [11].

Fig. 6.

5. The expansion near the front of an arbitrary wave propagating
from the right edge of the crack may be obtained from formulas (3.7) and
(3.9), just as in Section 4. We consider ¢, as given by (3.7). We denote
by h, the distance measured inward from the
first front of this wave

hy=at —r— (n—1)1 (5.1)

Also, we let 1 >> ho/l, corresponding to
the region near the wavefront. Then from (3.8)
it follows that

n—1
Sy (4 ko / )
k=1

Using this, with the aid of (3.5) it may be
shown that {; = 6 to an accuracy within small
quantities of order J(ho/l). Moreover, with
the same accuracy the result

e C R e

may be obtained from (2.6).
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Retaining only the dominant terms in (3.7), we obtain the following
formula:

I in 2 ] +
B (7, 8, 2) = fo(n) o T M (— ¥ c056) % (B)" (5.2

n+1
[ —yn 5, 3 [P Ca"
) =—(Z) m2VZ1 * rara+mrs

However, formula (3.7) describes not only the wave with the front
hy = 0, the neighborhood of which was just investigated, but also the
waves with fronts

h=at—r—(n—m—1)10l—ml/y =0
(m=01,...,n—1) (5.3) \

These fronts are caused by the waves which K\L
propagate from the edges of the crack after 1H ~
having passed over the crack n — m - 1 times
as longitudinal waves and m times as trans- AN
verse waves, For fixed n and m there will be
Cn_, of such waves, but all of them arise
simul taneously and will have a common front.
From among them C?_, will be chosen, which
passed on the last stage as longitudinal waves and posses identical ex-
pansions near the wavefront which do not coincide with the expansions of
the waves which passed as transverse waves on the last stage. The latter
waves also have identical expansions.

N\

Yy 1 S,
Fig. 8.

We consider the case n = 3 as an illustration. From (2.6) we have

8y (81 + sp) II, = Py (s)) Py () Visi—7) (s, — 1) +
+ Py (s1) Py (s5) V(Sl— 1) (55— 1) + Py () Py(s) Vs — 1) (s, — 1) +
+ Py () Py (s) V(sy — 1) (s, — 1)

Hence the integral in (3.7) breaks up into the sum of four integrals.

From (2.6) it follows that the first differs from zero for at — r > 21,
the second and third for at — r > I(1 + 1/y), and the fourth for at -
r > 2l/y. These integrals describe only the potentials of the waves in
question. The construction of the frontal expansions is carried out by
means of integrations over small triangular areas with vertices at the
points (y, v), (1, y), (y, 1), (1, 1) as shown in Fig. 8.

The case of arbitrary n and m is treated similarly. We have
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-3

f'pﬂ("a G, t): Z(an(f‘, ert)

ms==0

where

Qum = T (1) %sin 20 M (— 7 cos B) X

X( Crm + dpm )V};(hm 1+an /2
{—7ycos@ 1-—cos@ r i

— —1\n  mg PTTI( P ()T (31 2)
fm(ﬂ)—~-(7;) Vi (S T/ T +32/2)

(5.4)

The values of h, are given by formula (5.3); in addition, ¢, denotes
the sum of all possible products

T
(80=0)
14 n—g k=1 Sx + Sk—1
where m of the quantities s,, ..., s, , are equal to 1, while the rest

equal y.
Similarly, d  is the sum of all possible products
n—2
i 1
T+ $ny) Skt Sk

k=1

where m ~ 1 of the quantities s, ..., s, _, equal 1, and the rest equal
Y.

From the above formulas it follows that the order of the discontinu-
ity at the front of all the waves corresponding to the potential ¢, is
less than the discontinuity of the waves with the potential ¢, , by 3/2.
Moreover, the coefficients fm(n) rapidly decrease with increasing n.

Thus the waves subjected to repeated diffraction are strongly damped.

It is interesting to note that the frontal expansions of all longitudinal
waves, starting with the second, have the factor sin 28. Hence it follows
that when repeatedly diffracted waves are registered at great distances,
the radial components of the displacement in the frontal zones will be
equal to zero on the line which is an extension of the crack and on the
perpendicular line passing through the middle of the crack.

The frontal zones of multiply diffracted transverse waves, which are
described by equations (3.9) to (3.11), are investigated in a similar
manner. As before, the leading wave is excluded from consideration
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N1

Yo (8, 8) = ) Y (7, 6, 0) (5.5}

m==Q

» p

i Enm Tdnm )’l/T ( h'rn )1+3" :
7 00 20K O+ 5—iae )V

Pam = — fm (")

where
hp=b0 —r—yln—m—1)— ml

The coefficients fm(n), Cpp and dnm have the same values as in (5.4).
The function K{8} is given by formula (4.4).

The formula for y, _ becomes meaningless at the points where the front
h, =0 is tangent to: the front of the previous transverse wave (6 = 0),
the front of the leading wave corresponding to the previous transverse
wave (8 = cos~! y), and the front of the leading wave (6 = 7 - cos~! y).

These singular points are shown in Fig. 3.

It is interesting to note that in all the multiply diffracted trans-
verse waves the tangential component vanishes in the frontal region for
8 ==%7n/4 and © = * 3w/4, i.e. for the same angles as in the first wave
(4.3).

6. Consideration is now given to the corresponding three-dimensional
problem, The state of stress before cracking and the properties of the
crack (continuity of the normal components of stress and displacement)
are assumed to be the same as in Section 1, but the crack is assumed to
be a disk of radius [. The exact solution of such a problem is not
known., However, using the results presented above, we may obtain an
asymptotic representation of the displacement field near the fronts of
the first longitudinal and transverse waves.

We denote the constant tangential stress acting on the disk before
cracking by Tg- We introduce a system of coordinates «, r, €. The sur-
face a = const is a half-plane perpendicular to the disk and passing
through its center. The angle between the line of intersection of the
half-plane and the disk and the stress To is denoted a. We place the
origin of the coordinate system r, © on the half-plane a = const, at
the point of its intersection with the edge of the crack. The angle &
will be measured from the extension of the radius drawn from the center
of the disk to the origin of the system of polar coordinates (Fig. 9).

At the instant of cracking a plane transverse wave leaves the disk,
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while at the edge there arise longitudinal and transverse waves with
toroidal fronts

r = at, r=bt 6.1)

(the time ¢t is measured from the instant of cracking), which will be
joined by the conical front of the primary wave. A section of the set
of fronts made by a plane perpendicular to the disk and passing through
its center is shown in Fig. 2.

Let at << 1. We consider the displacements in a narrow slice cut out
of the region of disturbance by the two sides of the angle da. For their
approximate calculation it is necessary to know the solution of the
problem when the half-plane y = 0, x < 0 (Fig.

10) i{s freed from the tangential stresses
= Ty cos « and T, zy = - 7, sin a as a re- ’,//”//’/’

su{t of the crack. This problem is split into 00
two problems: the first concerning waves in A'
which the displacements are parallel to the -
plane z = 0, and its solution given by 2
formulas (4.1) to (4.3); the second concern- Fig. 9.

ing waves with displacements parallel to the
z-axis. The latter reduces to a well-known problem, and the displace-
ments in the frontal region of the cylindrical wave have the form

4 tosina sin®/2 (bt —r)¥?

¥=3n pb? cos© Vr 6.2)

Thus formulas (6.2), (4.2) and (4.3)(setting T = T, cos o in the
latter) give the frontal expansions of all toroidal waves for at << I,
But if the frontal expansion of any wave is known at a certain fixed in-
stant, then this expansion may be constructed for an arbitrary position
of the front provided that the rays
have neither singular lines nor singu-
lar points (caustics and focuses) [12].
The fronts of the toroidal waves satis-
fy these requirements for lel < w/2.
Accordingly [12], the principal parts
of the expansions of u, and u at the
points of intersection of a single ray
with two different positions of the
front are related by the formula

e
e ——e—
b
s

|

Fig. 10. ——
U= Uy VRloRzo / -RIRQ (6-3)

where Rl°, R2° and Rl, R2 are the principal radii of curvature of the
fronts at the points of intersection with the chosen ray. It can be
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shown that for the toroidal fronts (6.1)

Ri°R® _ ralracos® 1)
BBy~ rircos®+d)

6.4
where o is the radius of the initial position of the toroidal front.

Using (4.2) and (6.4) for the radial components of the displacement
in the frontal region of the longitudinal wave, we find for !6{ <+w/2

4V 2yme Vit t— ry3/2
Uy = _%\’___q -—V;%—o cos o sin 0 M (— 71 cos 0) V-f—a(m—zsr—-——__*)e*_z) (6.5)

For the displacement components along the meridian and latitude in
the frontal regions of the transverse wave we obtain from (4.3), (6.2)
and (6. 4)

2V Zmy V Tvo cos a cos 20 (bt — r)3/'2 .

o= T T3 bp cos 6 K®) Vri{rcos® + 1) (6.6)
4 Vixesinasin8/2 (bt —r)3/2 67

“a = 3n b cos § Vr(reoso-+ D 6.7)

If bt >> | then the external portion (|6| < w/2) of any of the
toroidal fronts may be considered to be approximately a sphere with
center at the middle of the disk on which the crack occurs. The coordi-
nates r, 8, a introduced above may, with the same accuracy, be treated
as spherical coordinates with origin at the center of the disk (the
angle § is measured from the plane of the crack). Then, neglecting [ in
comparison with r in (6.5) and (6.7), we obtain

4V 2ymy V Tto cosasin® (at — r)?/2
Up = 3n a?p V"a)‘s”‘é M (— 1cos8) e
2V 2mp ¥ Txo cos a cos 20 (bt — r)3/2
Yo =T T 3n b (cos 0)%/2 K (9) I (6.8)

4 YV ixgsinasing/2 (bt —r)*/?
“a = 31 b7 {cos 8)3/2 r

These approximate formulas are not applicable for 6 = % w/2. It is
interesting to note that in the frontal zone of the longitudinal wave
u_ = 0 on the meridians o = w/2 and « = 3w/2, as well as on the equator
€ = 0. In the transverse wave ug = 0 on the same meridians and on the
two circles of latitudes 6 = * w/4. The displacement uy is zero on the

meridians « = 0 and a = w.

If it is assumed that the crack considered here is a model of a
seismic center, then the properties of the displacement field cited
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above agree with the properties of the Khodno-Vvedenskaia model [10]
but disagree with the properties of the Keilis-Borok model [11].

The author is grateful for the valuable advice and consultation of

N.V. Zvolinskii in formulating this problem, as well as that of A.A.
Gvozdev,

10.
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